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Abstract. Recently, Willwacher showed that the Grothcndicck-Teichmiiller 
group GRT acts by Loo-automorphisms on the Schouten algebra of polyvector 
fields T po \ y (R d ) on affine space K . In this article, we prove that a large class 
of Loo-automorphisms on T po \ y (R d ), including Willwacher's, can be global- 
ized. That is, given an Loo -automorphism of T po i y (M. d ) and a general smooth 
manifold M with the choice of a torsion-free connection, we give an explicit 
construction of an Loo-automorphism of the Schouten algebra T po i y (M) on 
the manifold M, depending on the chosen connection. The method we use is 
the Fedosov trick. 



1. Introduction 

The Grothendieck-Teichmiiller group is a mysterious group denned by Drinfel'd 
in his study of associators and deformation of Lie algebras [5]. In recent years, 
connections to objects studied in deformation quantization have become more and 
more apparent. 

In [Tl] Willwacher proves among other things that the (graded version of the) 
Grothendieck-Teichmiiller group GRT acts on the Schouten algebra of polyvector 
fields T poly (K d ) on affine space. In this article, we extend Willwacher's result to the 
Schouten algebra of polyvector fields T po i y (M) on a general smooth manifold M. In 
fact, we prove that any Loo-automorphism of T po i y (]R' : ') satisfying certain conditions 
can be globalized. The method we use goes back to Dolgushev's globalization [4 
of Kontsevich's deformation quantization [5] . Dolgushev's result in turn uses the 
famous Fedosov trick [BJ. Similar methods have also been used in [3] and [2]. The 
main result is the following: 

Main Theorem. Let F be an Loo-automorphism of the Schouten algebra T po \ y (M. d ) 
on affine space satisfying the following conditions: 

(1) F extends to an Loo-automorphism of T po i y (IRf ormal ) 7 the Schouten algebra on 
the "fat point" Rf olmal = Spec R[[ Xl , x d }} . 

(2) The extension of F to T po i y (Rf ormal ) is invariant under linear change of coor- 
dinates ofRf oimgi . 

(3) F\ = id, and for n>2, the n-ary part F n of F vanishes on vector fields. That 
means F n (vi, . . . , v n ) =0 for vector fields v\, . . . , v n . 

(4) F vanishes if one of the inputs is a vector field that is linear in the standard 
coordinates on R d . That means F n (jx, . . . , A^x 3 -g^j, ■ ■ ■ ,7n) — for arbitrary 
polyvector fields 71, . . . ,7„ and a vector field AjX J ^gfr- 

Let M be a smooth manifold with a torsion-free connection. Then the construction 
described in the proof yields an Loo -automorphism F sloh of the Schouten algebra 
Tpoiy(-M) on M , depending on F and the chosen connection. 
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In Q3] Willwacher constructs a Lie algebra isomorphism from the Grothendieck- 
Teichmiiller algebra gtt to the zeroth cohomology Lf°(GC2) of Kontsevich's graph 
complex GC2. The graph complex in turn acts on the Schouten algebra T po i y (R d ) 
on affine space by Loo-automorphisms defined up to homotopy equivalence. Using 
our main theorem, we prove that these automorphisms can be used to construct 
Loo-automorphisms of the Schouten algebra T po i y (M) on any smooth manifold M. 
The essential detail in Willwacher's work is that any element of the Grothendieck- 
Teichmiiller algebra can be represented by a graph all of whose vertices are at least 
trivalent. From this fact it follows that Willwacher's automorphisms satisfy the 
third and forth condition in our main theorem. 

Corollary. The Grothendieck-Teichmiiller group GRT acts on the Schouten algebra 
Tp iy(M) on a general smooth manifold M by L^- automorphisms defined up to 
homotopy equivalence. The action depends on the choice of a torsion-free connection 
on M. 

Note that both the main theorem and its corollary depend on the choice of a 
connection on M, The ideas in Appendix C of [T] might be used to prove that 
the homotopy class of the Loo-automorphism does not depend on the choice of the 
connection. 

We give a short outline of the content of this article: In Section O we construct 
the basic objects used for the globalization, vertical polyvector fields and differential 
forms with values in them. In Section [3J we construct a non-trivial section of the 
vector bundle whose sections are differential forms with values in vertical polyvector 
fields. The construction depends on the choice of a connection on M. This so-called 
Fedosov trick yields a resolution of T po i y (M) as a Lie algebra. In Section |H we 
prove the main theorem constructing an Loo-automorphism of T po i y (M) from an 
automorphism of T po i y (R d ) using the Fedosov resolution. In the last section, we 
first recall Willwacher's action of GRT on T po i y (R d ) and finally prove the corollary, 
i.e., that this action can be globalized using our main theorem. 

We use the Einstein summation convention. The degree of an element / of a 
graded vector space is denoted by |/|. 



In this section, we present the basic constructions needed in this article, namely 
vertical polyvector fields, differential forms with values in them and the vertical 
Schouten bracket. The aim is to construct a large vector bundle on a smooth 
manifold M such that the fiber of each point is isomorphic as a vector space to the 
Schouten algebra r po i y (Rf ormal ) of the "fat point" Rf ormal , the formal completion 
of affine space R d at the origin. The reason we have to use Rf orma i instead of K d 
is to ensure convergence of certain recurrence equations later. We will often work 
with local trivializations of the different vector bundles we consider. 

Let M be a d-dimensional smooth real manifold. We start by recalling the 
definition of the usual Schouten algebra T po i y (M) of polyvector fields on M. The 
Schouten algebra is defined as the exterior algebra A'^Af of the tangent 

bundle Tm of M. The usual Lie bracket on vector fields extends by the graded 
Leibniz rule to an odd graded Lie bracket on the exterior algebra, called Schouten 
bracket. On a local chart U C M, the underlying graded R- vector space of the 
Schouten algebra T po i y (U) is isomorphic to C°°(U)[ipi, . . . , ipd], writing ipi for 
and with the grading \ipi\ = 1. The Schouten bracket [— , — ) s is on this local chart 
given by the formula 



2. Vertical polyvector fields 




\f\\9\ + \9\^_^L 

dx % d(fi 



GLOBALIZING L^-AUTOMORPHISMS OF THE SCHOUTEN ALGEBRA 



3 



for f,g eT poly (t/). 

We continue with the definition of vertical polyvector fields. Let TM be the 
total space of the tangent bundle of M. The projection tt : TM — > M induces the 
differential d7r : Ttm k*Tm- We are interested in the kernel of d7r, a vector 
bundle over TM. To describe it in a more detailed way, we observe that a local 
chart of TM is isomorphic to an open subset of R 2d . It is possible to choose the 
local coordinate system on TM in such a way that the projection tt to M is given 
by x l H» x l and y 1 n> 0. We obtain a local description of sections of ker d7r, 

F([/,kcr dvr) = {f( x ,y)JL,f( x ,y) smooth}. 

Global sections of ker d7r are what is usually called vertical vector fields. However, 
we will need a slightly different definition allowing formal power series in the ys. 
Define the C 00 '(U)lly 1 , . . . , y d ]]-module of vertical vector fields on U C M by 

T VCIt (U) = { YJ fjWyiJLjfa) sm ooth}. 

ien d 

One checks that these glue together to a C°°(M)-module T vort (M). Besides the 
C°°(M)-module structure, T vert (M) also is a C°°(M)[[y 1 , . . . , j/ d ]]-module, where 
C°°(M)[[y 1 ,...,y d ]] is glued together from the rings C°°{U)[[y l , . . . , y d ]\. The 
C°°(M)-module of vertical polyvector fields is then defined as the exterior alge- 
bra of T vort (M) over C°°(M)[[y 1 , .. ., y d ]], i.e., 

Tpoty(M) = 9=o /\c^(M)[[y\...,y d ]] T VClt (M). 

Furthermore, differential forms with values in vertical polyvector fields are defined 

by 

n(M,T;X(M)) = t;Z(m) ® c ~ [m) qm, 

where ftM denotes as usual the de Rham algebra of differential forms on M. We 
work on a local chart U of TM, denoting coordinate functions by x 1 , . . . , x d , y 1 , . . . , y d 
as before. Writing J~ = tpi and dx l = rf, differential forms with values in vertical 
polyvector fields are then elements of 

C~(lO[[y\...,y^i,...,W,.--Y]. 
Setting the degrees \y z \ = and \tp l \ = \if\ = 1, we obtain a grading on fi(M, T™^(M)). 
Denote by Q r (M, T™[*M)) the subspace of elements of degree r. Put in another 
way, we have 

n r (M, tXm)) = e p+9=r t;X' p ® r(A 9 (r*M)), 

pvert 
poly 



where the elements of T^l' v have degree p with respect to the A. Define the 



vertical Schouten bracket on fi(M } T^(M)) locally by 

for /, g G r2(C7, T™[y ([/)). One checks that the definition is independent on the 
choice of the local chart. As the Schouten bracket, the vertical Schouten bracket 
has degree -I and provides tt(M, T™[y(M)) with the structure of an odd graded Lie 
algebra. 

We also introduce the sub-C°°(M)-module Tp°^\ y= t)(M) of vertical polyvector 
fields which are constant with respect to the y. On a local chart U, we have that 
T poiyly=o(^) is isomorphic as an C°°(C/)-modulc to C°°(U)[ipi, . . .,ip d ]. One sees 
easily that T™£\ y=0 (M) and T poly (M) are isomorphic as C°°(M)-modules. 
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We conclude this section with the first lemma on vertical polyvector field, show- 
ing that Q(M,T™rt(M)) is a resolution of T poly (M) as a C°°(M)-module. Define 

S : n r (M,TX(M)) -> O^+HM.T-^M)) 

locally by S = dx l -g~. Furthermore, define a contracting homotopy 

s* : n r (M,r;X(M)) -+ tr-^M^M) 

by 

6*(f I ,j(x,il>)y I Ti J ) = ^^°^fM)vV, 

where I and J are multi-indices of total degree p and g, respectively. For / = 
f(x,ip)y°ri , we set S*(f) = 0. Furthermore, define the projection 

a : Q(M,TX(M)) 3^| v =o(M) C fi(M,T p ^(M)) 

locally by cr(?7 l ) = cr(y i ) = and er(V'i) = tpi. 

Lemma 1. For any f e il(M,T^(M)), it holds that 

(1) f = af + 65*f + 6*6f, 

hence 

(i) H n (Q(M, TX(M)), 6)) = 0forn^Q, 

(ii) H°(n(M,TX(M)),S)^T poly (M). 

Proof. Equation (|T|) is easy to check. The remainder of the lemma follows because 
T po\y\y=o( M ) and T poi y (M) are isomorphic as C°° (M)-modules. □ 

3. The Fedosov resolution 

It is possible to see 0(M,7^[*(M)) as sections of a vector bundle over the 
total space of a vector bundle whose sections form T£^\ y =o(M). In the previous 
lemma, we have showed that the zero section of that bundle yields a resolution of 
T poly (M) = T™l*\ y=0 (M) as a C oc, (M)-module. Now we will construct a very non- 
trivial section that yields a resolution of T po i y (M) as a Lie algebra. It is called the 
Fedosov resolution, as it uses the Fedosov trick j6| of using a differential depending 
on the choice of a torsion-free connection. Besides Fedosov's work, we also rely very 
much on Dolgushev's [I]. The first two lemmas are taken directly from [3] and are 
included mostly for self-containedness. 

We will work on a local chart of M from now on. All local formulas are inde- 
pendent of the choice of the chart, if not said otherwise. 

Choose a torsion-free connection on the manifold M and denote its Christoffcl 
symbols by T^(x). Define a derivation V on fi(M,T™f*(M)) as V = d+ [T, -] vert , 
where d — dx 1 -?— and T = —dx l T^{x)y^-^. This derivation is not a differential. 
However, it holds that 

• V 2 = [R, -] vcrt , where R = -\dx l dx J R l kl] {x)y k -J^; is given by the Rie- 
mann curvature tensor of the connection, and 

• SV + = 0. 

Lemma 2. There exists an element A in Q(M,T™^(M)) such that 8* A — and 

D:=V -5+[A, -] vcrt 

is a differential, where A has the form A = Y^Li dcc^A^ fj . {x)y 11 . . . y lf 't^j . 

This and the following lemma use the same technique of proof, which we explain 
in detail at first and use in a more sketchy way later. The main idea is to use the 
contracting homotopy equation (JT|) to produce a recursive equation. 
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Proof. We have to show that D 2 = or, equivalently, that 
(2) R + VA+~[A,A] vext = 8 A. 

As we are looking for an A such that 8* A = a A = 0, we insert these identities into 
the contracting homotopy equation ((T|) and get that A should suffice A = 8*8A. 
Inserting the left hand side of @ for 8 A yields the following recursion formula for 
A: 

A = S*R + S*(VA + A} VCIt ). 

The recursion converges because 6* increases the degree in the ys. 

We still have to prove that A actually satisfies C := R+VA+±[A, A] veTt -SA = 0. 
Observe that it follows from the Bianchi identities for the Riemann curvature tensor 
that SR = VR = 0. Using this, we get that SC = VC + [A, C] vcrt . Furthermore, it 
holds that aC = 5*C = 0. Inserting these equations for SC, S*C and aC into the 
contracting homotopy equation (|T|), we get the recursive equation 

C = 5*{VC +[A,C\ mit ). 

As S* increases the degree in the ys, this equation has the unique solution C = 0, 
which concludes the proof. □ 

We are now ready to show that the differential D that we have just constructed 
still yields a resolution of T po \ y (M) as a C°°(M )-module. 

Lemma 3. (i) H n (fl(M, T^(M)),D) = for n ^ 
(ii) H°(n(M,TX(M)),D)^T poly (M) 

Proof. We start by proving part (i). Let / be a cocycle of degree > 1, i.e., / G 
n r {M,T^(M)), r > 1, Df — 0. We need to find a g e Q^iM, T™f*(M)) such 
that g lies the image of /, i.e., Dg — f. We restrict our search to such g that 
satisfy ag = 8*g = 0. For these g it holds that / = Dg = Vg - 5g + [A,g] vcrt . 
Furthermore, by the contracting homotopy equation ([T]), it holds that g = 6*Sg. 
Inserting, we get the recursive equation 

g = -6*f + S*(y 9 +[A,gr^). 

The convergence follows as usual from the fact that 6* increases the degree in the 
ys. 

We show that in fact h := Dg — f = 0. One sees that 5*h = ah = and Dh = 0. 
Hence we get the same recursion equation as for C in the foregoing lemma, 

h= 5*(Vh+[A,h] VCIt ), 

which has the unique solution h = 0. 

Now we prove part (ii). The aim is to find a suitable section t : T^y\ y= o(M) — > 
V(M,TX(M)). Let / € T™g| y=0 (M), find a unique / G O (M,T p ^(M)) such 
that Df = and of = f . As / has degree it follows that 5* f — 0. Together 
with Df = this yields the recursive equation 

/ = f Q + 5*{Vf + [A/r rt ) 

with convergence as usual. 

We have to show that actually u := Df — 0. As au — 5*u ~ and Du ~ 0, this 
follows in the same way as for g in the first part of the proof. □ 

As final step for the Fedosov resolution, we prove now that the Fedosov resolution 
of Tp i y (M) indeed is a resolution as Lie algebra. 

Lemma 4. The induced Lie algebra structure on T vo \ y {M) induced by the vertical 
Schouten bracket on Q(M ,T^ly(M)) is isomorphic to the Schouten bracket. 
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Proof. To simplify notation, we will identify T po \ y {M) and T™f* \ y=0 (M) in this 
proof. Especially, we will write a for the composition 

n(M,TX(M)) ^ TX(M)\ y=Q T poly (M) 

and r for the composition 

n(M,TX(M)) TX(M)\ y=a ^ T poly (M). 

We have to show that r[/ ,.9o] S = [t/o, rg ] vcrt for / ,5o G T poly (M). By the 
definition of r in the proof of the previous lemma, this is equivalent to showing that 
[af, ag] s = a[f, # crt for f,ge QP(M, T%£(M)) such that D/ = D3 = 0. 

From £)/ = it follows that 

df - df df 

dx 1 — — = &x 1 —^ — dx t Tf lj (x)ipkTr l — I- da; 1 (terms containing y). 
ay 1 ox 1 J otpj 

Hence, using that / lies in fi°(M, T™f*(M)), we have a(§t) = a{§,)-a{T%{x)^ k -§^). 
From the explicit formula for the vertical Schouten bracket, we obtain 

o-[f,g} ven = [af,o-g} s -aS, 

where 

which is zero because T^(x) is symmetric in the lower indices. This proves the 
claim. □ 



4. Proof of the main theorem 

In this section, we describe a construction that globalizes Loo-automorphisms of 
the Schouten algebra if they satisfy certain conditions. The construction depends 
on the choice of a torsion- free connection on the manifold M. The theorem and its 
proof are analogous to Proposition 3 in Dolgushev's article [3J. 

Main Theorem. Let F be an L^- automorphism of the Schouten algebra T po \ y (M. d ) 
on affine space satisfying the following conditions: 

(1) F extends to an L^- automorphism of T po i y (Rf ormal ), the Schouten algebra on 
the "fat point" Mf olmal = Spec R[[x t , x d ]] . 

(2) The extension of F to Ip i y (Rf ormal ) is invariant under linear change of coor- 
dinates o/Mf ormal . 

(3) F\ = id, and for n>2, the n-ary part F n of F vanishes on vector fields. That 
means F n (vi, . . . , v n ) — for vector fields v\, . . . , v n . 

(4) F vanishes if one of the inputs is a vector field that is linear in the standard 
coordinates on R d . That means F n (^i, . . . , AjX-* . . . ,7n) — for arbitrary 
polyvector fields 71, . . . , j n and a vector field A^x^ . 

Let M be a smooth manifold and choose a torsion-free connection on M. Then 
the construction below yields an L^- automorphism L glob of the Schouten algebra 
T P oiy{M) on M , depending on F and the chosen connection. 

The construction of the global Loo-morphism consists of three steps. At first, we 
construct an Loo-automorphism of Q(M, T™[y(M)). In the second step, we twist 
this morphism with a suitable Maurer-Cartan element to yield an Loo-morphism 
of fi(M,I3£(M)) commuting with the differential D. In the third step, this will 
induce an Loo-automorphism on H°(Sl(M, T™*HM))) = T poly (M). 



GLOBALIZING L^-AUTOMORPHISMS OF THE SCHOUTEN ALGEBRA 7 

First step. Choose an open chart U of the manifold M such that n(U,T™fy(U)) 
trivializes to 

C°°(U)[\y l , . . . , 2/ d ]][V>i, . . . , ipd, r] 1 , . . . ,rj d ], 

as described in section [5] Because of condition (JTJ, there is an extension of F to an 
Loo-automorphism _p ,formal of 

^poly (RLmal) = . • • • > A] [ft ^SR[^.., /]] [Vl , • • • , *Ad] ■ 

Any clement of Sl(U, L™[*([/)) can be written as a (possibly infinite) linear combi- 
nation 

£ /(X 1 ,...,X < V,...,7/V^, 

where / e C°°{U)[if . . ,rf\. By (7°° (U) [rf- , . . . , ?? d ]-Unear continuation, F fmmal 
induces an Loo-automorphism F vort |,y of Q(U, T™f* ([/)). By condition ©, the 
construction is independent of the choice of U. Hence it yields an Loo-automorphism 
L vcrt of n(M,T™*(M)) with the vertical Schouten bracket. 

Second step. By construction, the automorphism F vext commutes with the dif- 
ferential d = dx l -g~. In general, however, it does not commute with 

D = d+[T-dx i J^+A, -l vert . 

We denote T — &x l -J~ + A by B and obtain the compact description D = d + 
[B, -] vort . 

Before continuing with the proof, we recall some well-known facts about Maurer- 
Cartan elements. Let 

$ : (g, [-, -]„, d B ) -> (g', [-, -] B >,d B ,) 

be an Loo-niorphism of dg-Lie algebras and 77 a Maurer-Cartan element of q. 
Then 77' — Y^iLi 77 (tt z ) is a Maurer-Cartan element of q 1 . It follows that g w = 

(fl»[-,-]fl,rfg + k>-]fl) an d 0v = (fl'> K -]fl' . d s' + I 71 "'. Ha') are dg-Lie algebras. 
Furthermore, it holds that $„. = exp(— 77') o <f> o exp(77) is an Loo-niorphism from 
07T to g^,, where exp(7r)(T) = TT ^ % ' ^ ano - ex P( — 7r ') * s defined analogously. 

We apply this construction to our situation, where F velt \u is an Loo-automorphism 
of (fi([7, T™i r *(Z7)), [-, -]vert ) ^ and B is a Maurer-Cartan element. From condition 

©, it follows that h (L^'lc/M- 8 ') = L?, as L? is a vertical vector field. Hence 

it follows that (L vert |[/)B = exp(— L?) of vort |[/ oexp(_B) is an Loo-automorphism of 
{Si{U, T™[*(C/)), [-, -] vert , D), because D = d + [S, -] vort . 

We have worked on the local chart U so far, as the formula for B is dependent on 
the choice of local coordinates. It will become clear, however, that the definition of 
{F veTt \u)B is not. We analyze how B transforms under change of coordinates. The 
terms &x l -J~ and A are invariant under change of coordinates. The transformation 
of T is more complicated due to the presence of the Christoffel symbols. We compute 
that B transforms as B' = B + dx t H^(x)y J for some ffy(x), where the exact 
form of H£j(x) is not important^ We take a closer look at the explicit formula 
for (F vcrt \u) B . It holds that (F vert | £/ )s,„ = EZi nC^lc/W^-)- However, 
F vcrt \u is zero on any summand of the form dx l H^ J (x)y 3 -^jk by condition Q. 
Hence the definition of (F vcrt \jj)B is independent of the choice of U and thus glues 
to an Loo-automorphisms F vert > D of Q(M,T^(M)) commuting with D. 



This step is taken directly from [4], see Equation (58). 
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Third step. As F vcrt - D constructed in the last step commutes with the differ- 
ential D of fi(M, T™f*(M)), it induces an Loo-automorphism on cohomology. As 
H°(Cl(M, T™Q(M))) = Tp i y (M), it hence follows that this is an L^-automorphism 
F glob on T po i y (M) depending on F and the choice of a connection from which the 
differential D is constructed. This is the last step of the construction of the global 
ioo-automorphism F glob . As we have checked that each step of the construction 
works if the given automorphism F satisfies the conditions given in the theorem, 
this also concludes the proof of the main theorem. 

5. Proof of the corollary 

We start by stating the theorem of Willwacher's that we use. 

Theorem 1. (Willwacher [14] ) The Grothendieck-Teichmiiller group GRT acts on 
the Schouten algebra T po \ y (M. d ) on affine space by L^- automorphisms. 

As we will need some details from the proof of this theorem later, we include the 
proof here. The way we present it here is analogous to Section 3 in [T2]. We start 
by recalling the definitions and constructions needed for the proof: the Lie algebra 
associated to an operad, Kontsevich's graph complex, and the Chevalley-Eilenberg 
cochain complex. 

Let V = {V(n)} nf zfi be an operad with partial composition o i% Following [7], 
define a Lie algebra structure on the graded vector space YlnLi f J { n ) by 

m n 

M = $>°<*-(-i) HM I>°i/' 

i=l i=l 

for jU 6 V(m) and v G V(n). This Lie bracket induces a Lie algebra structure on 
the space of S-coinvariants Ilfc=i ^Ws*- As we work in characteristic 0, the space 
of §-coinvariants and the space of S-invariants are isomorphic as vector spaces. By 
this isomorphism, the Lie bracket on O^Li 'P( n ) Si ^ so induces a Lie algebra structure 
on the space of S-invariants Ilfe=i T J (k) Sk . 

We continue by defining the operad Gra and graph complex GC2. Let gra„ k be 
the set of all undirected graphs with n numbered vertices and k numbered edges. 
The symmetric group Sk acts on gra n k by renumbering of the edges. Let sgn fe be 
the sign representation of Sk ■ Then define 

Gra(n) = (R(gra„ >fe ) ® Sfc sgn fc ) [fc], 

fe>0 

The vector spaces Gra(n) admit an action of S n by renumbering of the vertices. 
Furthermore, there exists a partial composition product: For Ti in Gra(m) and T2 
in Gra(n) define Ti o t T2 in Gra(m + n — 1) by inserting T2 for the i-th vertex of Ti 
and then summing up all possible reconnections to T 2 of edges previously connected 
to the i-th vertex of Ti. The edges are renumbered in a way that puts the edges 
of T 2 at the end while otherwise keeping the ordering of the edges. For details of 
the definition, we refer to [TJ] and [H] . With the S-action and partial composition 
just defined, Gra is an operad. 

The S-invariants of Gra can be seen as graphs with "unidentifiable", i.e., no 
longer numbered, vertices. As explained above, the vector space of S-invariants 
obtains the structure of a Lie algebra, as does the shifted space Gra{— 2} s , where 
Gra{— 2}(n) = Gra(n)[2 — 2n\. Willwacher denotes this Lie algebra Gra{— 2} s of 
graphs with unidentifiable vertices by fGC2- The subset of graphs whose vertices 
are at least trivalent forms a sub-Lie algebra denoted by GC2- One checks that 
the graph 1 G fGC2 satisfies the Maurer-Cartan equation [I, I] = 0. Hence it equips 
fGC2 with the differential [I, — ]. Furthermore, as proved in e.g. [H], GC2 is closed 
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with respect to the differential. We have hence constructed a differential graded 
Lie algebra (GC2, [—,—], [I, — ])• Willwacher's main result in [2] is that the zeroth 
cohomology of this complex is isomorphic as a Lie algebra to the Grothendieck- 
Teichmuller algebra: iJ°(GC 2 ) = Qtt. 

Let now g be a graded vector space. We define CE(g), the Chevalley-Eilenberg 
cochain complex of g. Its cochains are given by 

CE(fl) =[]Hom(Sym n fl [l] } 0[l]) S JJ Hom(A"g, fl)[l - n] = CoDer(Sym g[l]), 

n n 

where Sym denotes the symmetric algebra and CoDer the space of coderivations. 
The Chevalley-Eilenberg cochains form a graded Lie algebra with the graded Nijenhuis- 
Richardson bracket [— , — ]nr- It is defined by all possible insertions of homomor- 
phisms into each other, see [13] and [9]. Observe that a 1-cochain tt s S Hom°(gAg, g) 
in the Chevalley-Eilenberg complex is a Lie algebra structure on g if and only if it 
satisfies the equation [7T g , 7r g ]NR- Furthermore, any Lie bracket ir g on g yields a dif- 
ferential d„ — [ir B , — ]nr on CE(g). This cochain complex with the new differential 
cL is called the Chevalley-Eilenberg cochain complex of the Lie algebra (g, tt b ). 

We continue by stating some well-known facts that are treated in more detail 
in e.g. [IJ, [15] or the book [10]. Given a zero-cocycle 7, i.e., 7 £ CE°(g) = 
CoDer°(Sym g[l]) and d^ s (j) = 0, its exponential exp(7) = Y^n=i hl n i s an ^°o~ 
automorphism of g. Call zero-cocycles 7, 7' gauge-equivalent if 7 — 7' is a cobound- 
ary. A well-known theorem states that if 7 and 7' are gauge-equivalent then exp(7) 
and exp(7') are homotopy-equivalent. Hence the zero-cohomology H°(CE(g), d Vg ) 
of the Chevalley-Eilenberg cochain complex of the Lie algebra (g,7r B ) acts on g by 
Loo-automorphisms modulo homotopy equivalence. 

Proof of Theorem 1. We start with an outline of the proof. In [TJ], Willwacher 
shows that the Grothendieck-Teichmiiller algebra grt is isomorphic as a Lie algebra 
to the zeroth cohomology Lf°(GC2) of the Kontsevich graph complex GC2. Fur- 
thermore, as we have stated above, L rt CE(T po i y (R< 1 )[l]) acts on T po i y (R d )[l] by 
Loo-automorphisms modulo homotopy equivalence. Hence it suffices to prove that 
there is a morphism of Lie algebras ff°(GC 2 ) -4 ff (CE(T poly (M' i )[l]), because it 
will follow that grt = Lf°(GC2) acts on T po i y (R d )[l] by Loo-automorphisms modulo 
homotopy equivalence. Observe that we have to shift T po i y (K.' i ) by 1 to turn the 
odd Lie algebra into a usual graded Lie algebra. 
The plan is to construct a Lie algebra morphism 

GC 2 ^CE(T poly (M d )[l]) 

commuting with the differentials [I,—] of GC2 and [ns, ~ ]nr of CE(L po i y (R d )[l]), 
where its denotes the shifted Schoutcn bracket on T po i y (R d )[l]. Recall that GC 2 
is a subalgebra of the Lie algebra fGC 2 of §-invariants of the operad Gra. We will 
identify CE(T po i y (R rf )[l]) with the Lie algebra of S- invariants of another operad, 
End Tpol rod) [2]. An operad morphism between the two operads will induce a Lie 
algebra morphism between fGC2 and CE(T po i y (R d )[l]), which restricts to GC2. 
This Lie algebra morphism will not commute with the differentials, but the standard 
trick of twisting with a Maurer-Cartan element will remedy that. As said before, 
the existence of such a morphism proves the theorem. 

The endomorphism operad End^ of a graded vector space A is defined by 
Endyt^) = Hom(A®", A), where partial composition is the insertion of endomor- 
phisms into each other. The Lie algebra of S-invariants of End^ is the Chevalley- 
Eilenberg cochain complex CE(A[— 1]) of A[— 1] with the Nijenhuis-Richardson 
bracket. Hence CE(T po i y (R d )[l]) is the Lie algebra of §-invariants of Endy ol ro^p]. 
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C. JOST 



We construct an operad map Gra — > End Tpol (R d )[2] by mapping a graph T to the 
endomorphism 

(3) $ r ( 7l [2],... )7 „[2]) = Lo J] ^A (4J) ( 71 ®...® 7 „)] [2], 

where A^j) is defined by 
A 



3d d d 



Here, /i is multiplication of polyvector fields, d fc and — ^jy are differentiation with 

respect to x fc or ipk, respectively, in the j'-th argument, and J7 is concatenation of 
differential operators, where the order follows the ordering of the edges. One checks 
that the map in fact respects operadic composition. Hence it induces a Lie algebra 
morphism fGC2 — > CE(T po i y (R d )[l]) which restricts to the subalgebra GC2. 

Recall that CE(T po i y (R <1 )[l]) is equipped with the differential [715, — ]nr, where 
7rs denotes the shifted Schouten bracket, and GC2 with the differential [I, — ]. The 
just constructed Lie algebra morphism GC2 — > CE(T po i y (M d )[l]) docs not repect 
these differentials, only the zero differential. However, it maps the Maurer-Cartan 
element ! to the Schouten bracket. Hence twisting the morphism with ! yields a 
dg-Lie algebra morphism compatible with both differentials. This concludes the 
proof. □ 

Corollary. The Grothendieck-Teichmiiller group GRT acts on the Schouten algebra 
Tp iy(M) on a general smooth manifold M by L^- automorphisms defined up to 
homotopy equivalence. The action depends on the choice of a torsion-free connection 
on M. 

Proof. We need to check that the Loo-automorphisms in the image of the morphism 

get = ff°(GC 2 ) -> ff°(CE(T poly (M d )[l]) -> Aut(T poly (M d )[l])/ ~ 

satisfy the four conditions of the main theorem. Recall that we construct a mor- 
phism from the graph complex GC2 to the Chevalley-Eilenberg cochain complex 
CE(T poly (R d )[l]). The image in CE°(T po i y (R d )[l]) of a degree zero element T e GC 2 
is a degree zero map f r : Sym"(T poly (R d )[2]) T poly (R d )[2]. We have to show 
that its exponential satisfies the four conditions of the main theorem. Observe that 
it suffices to show that satisfies the conditions. The important fact is that the 
graphs in GC2 have the property that each vertex is at least trivalent. 

Condition^ The formula (jSJ) works for 71, . . . , 7n in both T po i y (R d ) and 7p i y (Rf ormal ) 
It follows that the whole construction of VPr runs through for 7p i y (Rf ormal ) as well. 

Condition fJl Because ^u,j) is invariant under linear change of coordinates of 
Rf ormal , this also holds for $ r and <J/ r . 

Condition It suffices to show that as defined in © vanishes on vector fields 
for any graph T € Gra. Denote by 2)(r) the set of all directed graphs that can be 
obtained by giving a direction to each edge in T. We can then rewrite the definition 
of $r as 

$ r (7t[2] ) ...,7n[2])= Lo £ J] E(^iW®---®7«)W 
V r'es(r)(i,j)eE(T')fe=i \ OX (o) d W J ) 

As the vertices of T are at least trivalent, for any directed V in 53 (r) there is a 
vertex I that has at least two outgoing edges. This means that we differentiate 7 
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at least twice with respect to tp. As 7/ is a vector field, this is zero. Hence the 
summand belonging to T' is zero as well. As we can find such a vertex for any 
choice of V , it follows that $r is zero on vector fields. 

Condition [7J It suffices to show that $r is zero if one of the inputs is a vector field 
that is linear in the standard coordinates on M. d . We use the same rewriting of 
the definition of $r as before. Pick a V in £>(T) and assume 7; is a vector field 
linear in the coordinates of M. d . As the vertex I is at least trivalent, it has at least 
two outgoing edges or at least two ingoing edges. Hence we differentiate the vector 
fields 7; at least twice with respect to the x or with respect to the ip, both of which 
yields zero. It follows that the summand belonging to this V is zero. As this can 
be shown for any choice of V , we have showed that "Dp is zero if one of the inputs 
is a vector field that is linear in the standard coordinates on R d . □ 
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